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1. INTRODUCTION
Suppose that G is a ﬁnite group and let H be a subgroup of G. Let
cfG be the space of class functions G → . A basis B of the subspace
vcfG H of class functions α ∈ cfG vanishing off all G-conjugates of H
is good if it satisﬁes the following two conditions:
(I) Each η ∈ B is of the form γG for some γ ∈ IrrH; and
(D) if ψ ∈ IrrH, then ψG is a nonnegative integer linear combina-
tion of B.
In general, good bases do not necessarily exist but if they exist it is easy
to see that they are unique (see [5]). We write PG H for the unique
good basis of vcfG H if this exists.
There are some examples where it is known that good bases exist. For
instance, if G is a p-solvable group and H is a p-complement, by Fong
theory it is well known that PG H exists and this is the set of projective
indecomposable characters. In fact, the same is true if G is π-separable
and H is a Hall π-subgroup of G by Isaacs’ π-theory. Recently, we have
proved that good bases exist for subgroups H of the form NK, where K
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is a Hall π-subgroup of the π-separable group G, and N is a normal π ′-
subgroup of G. (See [7].) (When N is a p-group, it turns out that this basis
is the unique basis B such that the nonnegative integer linear combinations
of B are exactly the characters of the N-projective modules, by work of
Ku¨lshammer and Robinson [4] and Navarro [6].)
Once we have deﬁned the basis PG H for some subgroup H of G, a
natural partition of IrrG can be obtained. We link χψ ∈ IrrG, if there
exists η ∈ PG H such that
χηψη 	= 0
IfH is a p-complement of a p-solvable groupG, then the connected compo-
nents of this linking are the Brauer p-blocks. IfH is a Hall π subgroup ofG,
then the connected components are the Isaacs Slatteryπ-blocks (see [9]).
First, in our Theorem A, we prove that good bases exist with more gen-
erality than in [7].
Theorem A. Let N  G be such that G/N is a π-separable group. If
H/N is a Hall π-subgroup of G/N , then PG H exists.
Now, let G0 = x ∈ G xπ ′ ∈ N and let cfG0 be the space of complex
class functions of G deﬁned on G0. As a consequence of our Theorem A,
we will show the existence of a canonical basis IπG N of cfG0 such
that if χ ∈ IrrG then the restriction of χ to G0 can be written as
χ0 = ∑
ϕ∈IπG N
dχϕϕ
for nonnegative integers dχϕ. Of course, when N = 1 and π = p′, then
IπG N = IBrG is the set of irreducible Brauer characters of G.
In the hypothesis of Theorem A, which are the connected components
in IrrG induced by the PG H-linking? In our Theorems B and C, we
study and determine these connected components (or N-π-blocks). It is
perhaps surprising that they can be described in a Fong theory fashion.
Theorem B. Let NL  G. Suppose that L/N is a π-group and that
G/N is π-separable. Let B be an N-π-block of G.
(i) There exists θ ∈ IrrL such that B ⊆ IrrG  θ.
(ii) If T is the stabilizer of θ in G, then there exists an N-π-block b of
T such that b ⊆ IrrT  θ and
B = ψG ψ ∈ b 
Theorem C. Suppose that N is a normal subgroup of G such that G/N
is π-separable. Let L/N = OπG/N and let θ ∈ IrrL be G-invariant. Then
IrrG  θ is an N-π-block.
Finally, we give an application of our results on good bases.
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Theorem D. Suppose that N is a normal subgroup of G such that G/N
is π-separable. Let H/N be a Hall π-subgroup of G/N . If α ∈ IrrH is
quasiprimitive, then αG is not of the form νG+µG for characters ν and µ ofH.
The results in this paper are part of my Ph.D. at the University of
Valencia, and I thank G. Navarro for his guidance. Also, some of these
results were obtained while I was visiting the University of Wisconsin–
Madison. I thank Professor Martin Isaacs for many helpful discussions on
this subject and the Mathematics Department for its hospitality. Finally, I
thank the referee for useful suggestions.
2. REVIEW OF GOOD BASES
Let G be a ﬁnite group and let cfG be the space of complex class func-
tions deﬁned on G. Let H be a subgroup of G and write G0 = ⋃g∈G Hg.
Also, we write
vcfG H = α ∈ cfG αx = 0 for x ∈ G−G0
(2.1) Deﬁnition. A basis B of vcfG H is good if it satisﬁes the follow-
ing two conditions:
(I) If η ∈ B, then there exists α ∈ IrrH such that αG = η; and
(D) if γ ∈ IrrH, then γG = ∑η∈B aηη for uniquely determined non-
negative integers aη.
It is easy to check that good bases are necessarily unique (see [5,
Theorem (2.2)]), and we will denote by PG H the unique good basis (if
it exists) of vcfG H.
Now, let N be a normal subgroup of G contained in H. If θ ∈ IrrN,
then we write IrrG  θ for the set of irreducible constituents of θG. Also,
cfG  θ is the -span of the set IrrG  θ. Let  be a complete set of
representatives of the orbits of the action of G on IrrN. Clearly
cfG =⊕
θ∈
cfG  θ 
We denote by
vcfG Hθ = vcfG H ∩ cfG  θ 
We can also deﬁne good bases “over” an irreducible character of a certain
normal subgroup.
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(2.2) Deﬁnition. Let N  G, let θ ∈ IrrN, and let N ⊆ H ⊆ G. A
basis B of vcfG Hθ is good if satisﬁes the following conditions:
(I) If η ∈ B, then there exists α ∈ IrrH  θ such that αG = η; and
(D) if γ ∈ IrrH  θ, then γG = ∑η∈B aηη for uniquely determined
nonnegative integers aη.
Good bases “over” irreducible characters are necessarily unique (by the
same argument as in [5, Theorem (2.2)]). We will denote by PG Hθ the
unique good basis (if it exists) of vcfG Hθ.
Next is a key deﬁnition in order to prove a “Clifford theory” for good
bases.
(2.3) Deﬁnition. Suppose that N  G is contained in H ⊆ G. Let θ ∈
IrrN and let T = IGθ be the stabilizer of θ in G. We say that θ is H-good
(with respect to G), if for every g ∈ G, we have that Hg ∩ T is contained in
some T -conjugate of H ∩ T .
We may form the good basis over a normal H-good irreducible con-
stituent from the good basis PG H.
(2.4) Theorem. Suppose that N is a normal subgroup of G contained
in H ⊆ G. Let θ ∈ IrrN be H-good. Assume that PG H exists. Then
PG Hθ exists and
PG Hθ = PG H ∩ cfG  θ 
Proof. Let  be a complete set of representatives of the orbits of the
action of G on IrrN with θ ∈ . If η ∈ PG H, we claim that there
exists a unique ν ∈  such that η ∈ cfG  ν. Let α ∈ IrrH be such
that αG = η. It follows that α lies over some νg with ν ∈  and g ∈ G.
Hence, if χ is an irreducible constituent of η = αG, then χ lies over
α and consequently over νg. Thus, χ ∈ IrrG  ν as claimed. Hence if
η ∈ PG H, there exists a unique ν ∈  such that η ∈ vcfG H ν =
vcfG H ∩ cfG  ν. By [7, Lemma (2.2)], we know that
vcfG H =⊕
ν∈
vcfG H ν
Then
Aν = η ∈ PG H η ∈ vcfG H ν
is a basis of vcfG H ν by elementary linear algebra.
We next prove that Aθ = PG Hθ. Let η ∈ Aθ. Since η ∈ PG H,
there exists γ ∈ IrrH such that η = γG. Since η ∈ cfG  θ and N ⊆ H,
we have that γ ∈ IrrH  θg for some g ∈ G. Now, by [7, Lemma (2.8)],
it follows that η = βG for some character β of H all of whose irreducible
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constituents lie over θ. Since η ∈ PG H, it follows that β ∈ IrrH by
condition (D) of good bases. If δ ∈ IrrH  θ, then
δG = ∑
η∈PG H
aηη
for nonnegative integers aη. Then
δG = ∑
ν∈
∑
η∈Aν
aνηη
for nonnegative integers aνη. Since vcfG H =
⊕
ν∈ vcfG H ν and
δG ∈ vcfG Hθ, it follows that
δG = ∑
η∈Aθ
aθηη
for nonnegative integers aθη, and the proof of the theorem follows.
3. PROOF OF THEOREM A
Suppose that G is a π-separable group. Let Gπ be the set of π-elements
of G and let us denote by χπ the restriction of χ ∈ cfG to Gπ . In [3],
Isaacs proved that the set IπG = χπ χ ∈ IrrG χπ is not of the form
απ +βπ for αβ characters of G is a basis of the space cfGπ of complex
class functions of G deﬁned on Gπ . By the Fong–Swan theorem, it is clear
then that IπG = IBrG when π = p′.
In Isaacs’ π-theory the so-called Fong characters play an important role.
Given ϕ ∈ IπG and K a Hall π-subgroup of G, a Fong character for
ϕ is an irreducible constituent αϕ of minimum degree of the (ordinary)
character ϕK . Furthermore, αϕ1 = ϕ1π and
µK αϕ = δµϕ
for ϕµ ∈ IπG (see [3, Theorem B]).
If L  G is a π-subgroup and θ ∈ IrrL, then we denote by IπG  θ =
ϕ ∈ IπG ϕL is a sum of G-conjugates of θ.
(3.1) Theorem. Let G be a π-separable group and let K be a Hall π-
subgroup of G. Let M be a central π-subgroup of G and let λ ∈ IrrM. For
each ϕ ∈ IπG, let αϕ ∈ IrrK be a Fong character associated with ϕ. Then
αϕG ϕ ∈ IπG λ is the good basis of vcfG Kλ.
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Proof. We ﬁrst prove that for ϕ ∈ IπG, we have that
αϕG ∈ cfG λ iff ϕ ∈ IπG λ
Suppose that αϕG ∈ cfG λ. Hence, it follows that αϕ ∈ IrrK λ. We
know that ϕ = χπ for some χ ∈ IrrG. Since αϕ is an irreducible con-
stituent of χK = ϕK ∈ CharK, it follows that ϕM = χM = eλ. There-
fore ϕ ∈ IπG λ. Now, suppose that ϕ ∈ IπG λ. Then ϕM = aλ for
some integer a. Since αϕ is an irreducible constituent of ϕK , it follows that
αϕ ∈ IrrK λ and hence αϕG ∈ cfG λ.
Now, since λ ∈ IrrM is G-invariant, then it is K-good. By [5,
Theorem (3.5)] we know that B = αϕG ϕ ∈ IπG is the good
basis of vcfG K. Now, by Theorem (2.4) and the ﬁrst paragraph, it
follows that B ∩ cfG λ = αϕG ϕ ∈ IπG λ is the good basis of
vcfG Kλ, as desired.
Next is an elementary lemma.
(3.2) Lemma. Let H be a π-subgroup of G and let Z be a central π ′-
subgroup of G. If α ∈ IrrH and λ ∈ IrrZ, then
α× λGHZ =
1
Z α
GH × λ 
Proof. This is [8, Lemma (6.2)].
If N is a central subgroup of G, we will denote by Nπ and Nπ ′ the Hall
π-subgroup and π ′-subgroup of N , respectively. Moreover, if λ ∈ IrrN
we will write λπ = λNπ and λπ ′ = λNπ′ , so that λ = λπ × λπ ′ .
(3.3) Theorem. Let G be a π-separable group and let K be a Hall π-
subgroup of G. Let N be a central subgroup of G and let λ ∈ IrrN. For
each ϕ ∈ IπG λπ, let αϕ ∈ IrrK be a Fong character associated with ϕ.
Then the characters αϕ × λπ ′ G ϕ ∈ IπG λπ form the good basis of
vcfG KNλ.
Proof. First, notice that NK = Nπ ′ ×K. Suppose that∑
ϕ∈IπG λπ
aϕαϕ × λπ ′ G = 0
for some complex numbers aϕ. Then∑
ϕ∈IπG λπ
aϕαϕ × λπ ′ GKN = 0 
and by Lemma (3.2), we have that( ∑
ϕ∈IπG λπ
aϕαϕGK
)
× 1Nπ ′ 
λπ ′ = 0 
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Since λπ ′ is linear, we deduce that∑
ϕ∈IπG λπ
aϕαϕGK = 0 
Since αϕG is zero off all G conjugates of K,∑
ϕ∈IπG λπ
aϕαϕG = 0 
By Theorem (3.1), we deduce that aϕ = 0 for every ϕ ∈ IπG λπ. Hence
we have proved that αϕ × λπ ′ G ϕ ∈ IπG λπ is linearly independent.
By [7, Lemma (2.11)], we have that cfNK λG = vcfG NKλ. It is
clear that to complete the proof of the theorem it sufﬁces to show that if
γ ∈ IrrNK λ, then
γG = ∑
ϕ∈IπG λπ
aϕαϕ × λπ ′ G
for some nonnegative integers aϕ. Write γ = µ × λπ ′ , where µ ∈
IrrK λπ. Then we know that γGK×Nπ′ = 1/Nπ ′ µGK × λπ ′ 
by Lemma (3.2). By Theorem (3.1), we have that
µG = ∑
ϕ∈IπG λπ
aϕαϕG
for some nonnegative integers aϕ. Now
µGK =
∑
ϕ∈IπG λπ
aϕαϕGK
and therefore
γGKN =
1
Nπ ′ 
µGK × λπ ′  =
1
Nπ ′ 
∑
ϕ∈IπG λπ
aϕαϕGK × λπ ′ 
= ∑
ϕ∈IπG λπ
aϕαϕ × λπ ′ GNK 
Now, since the characters γG and
∑
ϕ∈IπG λπ aϕαϕ × λπ ′ G are class func-
tions of G induced from NK and being equal on NK, we deduce that
γG = ∑
ϕ∈IπG λπ
aϕαϕ × λπ ′ G 
as desired.
We recall that if N is a normal subgroup of G and θ ∈ IrrN is G-
invariant, then GN θ is a character triple. Isomorphisms of character
triples will be needed in order to prove Theorems A and C. For their
deﬁnition and properties we refer the reader to [2, Chap. 11].
350 luc´ıa sanus
(3.4) Lemma. Suppose that GN θ and G∗N∗ θ∗ are isomorphic
character triples. Let N ⊆ H ⊆ G. Then the map ∗: cfG  θ → cfG∗  θ∗
carries vcfG Hθ onto vcfG∗ H∗ θ∗. Moreover, PG Hθ∗ =
PG∗ H∗ θ∗.
Proof. By using [7, Lemma (2.11)] and properties of character triples
isomorphisms, we have that
vcfG Hθ∗ = cfH  θG∗ = cfH  θ∗G∗
= cfH∗  θ∗G∗ = vcfG∗ H∗ θ∗ 
The fact that ∗ carries good bases onto good bases easily follows from the
deﬁnition of PG Hθ and the properties of character triples isomor-
phisms.
Now, we are ready to prove Theorem A.
Proof of Theorem A. Let H/N be a Hall π-subgroup of G/N . Given
θ ∈ IrrN, we claim that there exists x ∈ G such that θx is H-good. Recall
that η ∈ IrrN is H-good if for every g ∈ G, we have that Hg ∩ T is
contained in some T -conjugate of H ∩ T , where T = IGη. Let P/N be a
Hall π-subgroup of IGθ/N . Hence P ⊆ Hx−1 for some x ∈ G. Thus Px/N
is a Hall π-subgroup of T/N = IGθx/N contained in H/N . Therefore,
H ∩ T = Px and thus H ∩ T /N is a Hall π-subgroup of T/N . Write
η = θx. We show that η is H-good. Let g ∈ G. Then Hg ∩ T /N is a
π-subgroup of T/N . Hence, there exists t ∈ T such that Hg ∩ T /N ⊆
H ∩ T t/N . Therefore, Hg ∩ T ⊆ H ∩ T t . This proves the claim.
Therefore, we may ﬁnd a complete set  of representatives of the orbits
of the action of G on IrrN such that each θ ∈  is H-good. By [7,
Lemma (2.9)], we know that if PG Hθ exists for every θ ∈ , then⋃
θ∈ PG Hθ is the good basis of vcfG H. Hence, it sufﬁces to prove
that there exists a good basis of vcfG Hθ for every θ ∈  .
Now, we ﬁx θ ∈  and let T = IGθ; by [7, Lemma (2.10)] we know that
PG Hθ = ηG η ∈ PT T ∩Hθ. Then, we may assume that θ is G-
invariant. Hence, GN θ is a character triple. By [2, Theorem (11.28)],
there exists an isomorphic character triple G∗N∗ θ∗ such that N∗ is
a central subgroup of G∗. Now H∗/N∗ is a Hall π-subgroup of G∗/N∗.
Hence, there exists a Hall π-subgroup K∗ of G∗ such that K∗N∗ = H∗.
Now, by Theorem (3.3), vcfG∗ H∗ θ∗ has a good basis. By Lemma (3.4),
so does vcfG Hθ as desired.
As in the Introduction, write G0 = x ∈ G xπ ′ ∈ N and cfG0 to
denote the space of complex class functions of G deﬁned on G0.
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(3.5) Corollary. Suppose that N is a normal subgroup of G such that
G/N is π-separable. Then there exists a canonical basis IπG N of cfG0
such that if χ ∈ IrrG, then
χ0 = ∑
ϕ∈IπG N
dχϕϕ
for uniquely determined nonnegative integers dχϕ. In fact, if 'ϕ =
∑
χ∈IrrG
dχϕϕ, then the set 'ϕ ϕ ∈ IπG N is the good basis of vcfG H.
Proof. Let IπG N = IG H be the unique basis of cfG0 deter-
mined by PG H by [7, Theorem (3.1)]. Also, again by this theorem, it
follows that whenever χ ∈ IrrG, then
χ0 = ∑
ϕ∈IπG N
dχϕϕ
for uniquely determined nonnegative integers dχϕ. Now, by [7, Lemma
(3.2)], we have that 'ϕ ϕ ∈ IπG N is the good basis of vcfG H
and the proof of the corollary is complete.
In the important case when N is a π ′-group, we know exactly which are
the elements of IπG N by the main results in [7].
4. N-π-BLOCKS
Suppose again that N  G such that G/N is a π-separable group. Let
H/N be a Hall π-subgroup ofG/N . We deﬁne a natural partition of IrrG.
We say that χψ ∈ IrrG are N-π-linked if there exists η ∈ PG H such
that
χη 	= 0 	= ψη 
The N-π-blocks of G are the connected components in IrrG of the graph
deﬁned by N-π-linking. Since PG H = PG Hg for every g ∈ G, we
see that N-π-blocks do not depend on the choice of the Hall π-subgroup
H/N of G/N .
We are going to describe N-π-blocks by a “Fong–Reynolds type”
Theorem B and Theorem C.
(4.1) Lemma. Let NL  G be such that L/N is a π-group and G/N
is π-separable. Let µ ∈ IrrL. Then IrrG µ is a union of N-π-blocks.
Therefore, if B is an N-π-block of G, then
B ⊆ IrrG  θ
where θ ∈ IrrL is uniquely determined up to G-conjugacy.
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Proof. Let H/N be a Hall π-subgroup of G/N and notice that L ⊆ H.
Suppose that χ ∈ IrrG µ and ψ ∈ IrrG are N-π-linked. We want to
prove that ψ ∈ IrrG µ. Since ψ and χ are N-π linked, there exists η ∈
PG H such that
χη 	= 0 	= ψη
Now, by condition (I) of good bases, there exists α ∈ IrrH such that
η = αG. Thus,
χη = χH α 	= 0
We know that α ∈ IrrH µx for some x ∈ G by Clifford’s theorem. Now,
0 	= ψη = ψHα
and we have ψ ∈ IrrG µ, as required. Thus IrrG µ is union of N-π-
blocks.
Now, let B be an N-π-block of G. Let χ ∈ B and let θ be an irreducible
constituent of χL. By the above paragraph, we have B ⊆ IrrG  θ. Note
that θ is uniquely determined up to G-conjugacy by Clifford’s theorem.
In the hypothesis of Lemma (4.1), for θ ∈ IrrL we have proved that
IrrG  θ = B1 ∪ · · · ∪ Bt
where the Bi’s are N-π blocks of G. We write
BlN πG  θ = B1     Bt 
(4.2) Theorem. Suppose that N and L are normal subgroups of G such
that L/N is a π-group and G/N is π separable. Suppose that θ ∈ IrrL. Let
T = IGθ be the stabilizer of θ in G.
(i) If b ∈ BlN-πT  θ, then
bG = ψG ψ ∈ b
is an N-π-block of G and bG ∈ BlN-πG  θ.
(ii) The map
BlN πT  θ → BlN-πG  θ
b → bG
is a bijection.
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Proof. Let H/N be a Hall π-subgroup of G/N such that T ∩H/N
is a Hall π-subgroup of T/N . As we did in the proof of Theorem A, it is
easy to prove that θ is H-good (note that L ⊆ H, since L/N is a π-group).
Now, let ψ ν ∈ IrrT  θ; write χ = ψG, ξ = νG ∈ IrrG  θ by the Clifford
correspondence. We claim that χ and ξ are N-π-linked if and only if ψ and
ν are N-π-linked. Suppose that χ and ξ are N-π-linked. Then there exists
η ∈ PG H such that
χη 	= 0 	= ξη
In particular, by Lemma (4.1) it follows that η ∈ cfG  θ. By Theorem (2.4),
we have that PG Hθ = PG H ∩ cfG  θ. Hence, η ∈ PG Hθ.
We have that PG Hθ = PT T ∩HθG by [7, Lemma (2.10)]. There
exists µ ∈ PT T ∩ Hθ such that η = µG. By the Clifford correspon-
dence we deduce that χη = ψµ and ξη = ν µ. Hence, we see
that ν and ψ are N-π-linked. The other direction follows in a similar way.
Now, let χ ∈ IrrG  θ and let ψ ∈ IrrT  θ be its Clifford correspon-
dent. Let bψ be the N-π-block of T containing ψ and let Bχ be the N-π
block of G containing χ. Claim that Bχ = δG  δ ∈ bψ. By the ﬁrst para-
graph we have that δG  δ ∈ bψ is contained in some N-π-block of G
which has to be Bχ. We prove that this is an N-π-block of G. Let δ ∈ bψ
and let µ ∈ IrrG be such that δG and µ are N-π-linked. We claim that
µ ∈ δG  δ ∈ bψ. By Lemma (4.1), it follows that µ ∈ IrrG  θ. Let
ν ∈ IrrT  θ be its Clifford correspondent. Now, by the ﬁrst paragraph, we
have that δ and ν are N-π-linked. Hence, ν ∈ bψ and µ ∈ δG  δ ∈ bψ, as
claimed.
Now, let b ∈ BlN-πT  θ and let ψ ∈ b. Write χ = ψG. We know that
b = bψ, bG = Bχ = ψG ψ ∈ b is an N-π block and bG ∈ BlN-πG  θ.
Therefore (i) is proved.
It remains to show that the map
BlN-πT  θ → BlN-πG  θ
b → bG
is a bijection. Let b1 b2 ∈ BlN-πT  θ be such that bG1 = bG2 and we want
to prove that b1 = b2. Let ψ1 ∈ b1; then ψG1 ∈ bG1 = bG2 . There exists ψ2 ∈
b2 such that ψ
G
1 = ψG2 . Hence ψ1 = ψ2 by the Clifford correspondence.
Thus, b1 = b2 and this map is injective. Now, let B ∈ BlN-πG  θ and
let χ ∈ B. We know that χ = ψG for some ψ ∈ IrrT  θ by the Clifford
correspondence. Let bψ be the N-π-block of T containing ψ. From part
(i), it follows that B = bGψ and the proof of the theorem is complete.
Proof of Theorem B. Since L/N is a π-group, by Lemma (4.1) we know
that there exists θ ∈ IrrL such that B ⊆ IrrG  θ. Now by Theorem (4.2)
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we have that there exists an N-π-block of T such that b ⊆ IrrT  θ and
B = bG = ψG ψ ∈ b.
What is the relationship between N-π-blocks and the Isaacs–Slattery
π-blocks? Recall that χ, ψ ∈ IrrG are π-linked if there exists ϕ ∈ IπG
such that
dχϕdψϕ 	= 0
where dχϕ’s are the π-decomposition numbers associated with the elements
of IπG (see [9]). It is easy to prove that dχϕ = χ αϕG and dψϕ =
ψ αϕG, where αϕ ∈ IrrK is a Fong character associated with ϕ ∈
IπG and K is a Hall π-subgroup of G. Note that χ and ψ are π-linked
if and only if
χ αϕG 	= 0 	= ψ αϕG
The Isaacs–Slattery π-blocks are the connected components in IrrG as-
sociated to π-linking.
(4.3) Theorem. Suppose that N is a normal subgroup of a π-separable
group G. If B is an N-π-block of G then there exists a (unique) π-block B˜ of
G containing B.
Proof. Let K be a Hall π-subgroup of G. It sufﬁces to prove that two
irreducible characters which are N π-linked are also π-linked. Let χψ ∈
IrrG be N-π-linked characters. By Corollary (3.5), dχγ 	= 0 	= dψγ for
some γ ∈ IπG N. By [7, Lemma (3.3)] we know that γNK ∈ CharNK.
Now, if δ ∈ IπG N then δπ =
∑
ϕ∈IπG aδϕϕ for aδϕ ∈  and hence δK =∑
ϕ∈IπG aδϕϕK . But, since aδϕ = δK αϕ where αϕ is a Fong character
associated with ϕ ∈ IπG by [3, Theorem B], it follows that the aδϕ’s are
nonnegative integers. Thus,
χπ = χ0π = ∑
δ∈IπGN
dχδ δ
π = ∑
δ∈IπGN
dχδ
∑
ϕ∈IπG
aδϕϕ
= ∑
ϕ∈IπG
 ∑
δ∈IπGN
dχδaδϕϕ =
∑
ϕ∈IπG
dχϕϕ
where the dχϕ’s are the π decomposition numbers. In fact, dχϕ =∑
δ∈IπGN dχδaδϕ. Since γ
π 	= 0, there exists µ ∈ IπG such that
aγµ 	= 0. We have that dχγ 	= 0 	= dψµ. Hence, dχγaγµ 	= 0 	= dψγaγµ
and dχµ 	= 0 	= dψµ, as desired.
To prove Theorem C, we need to show that if N is a central π ′-subgroup
of G, then there exists a stronger relationship between N-π-blocks and
π-blocks. We denote the Isaacs–Slattery π-linking by ↔π .
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(4.4) Theorem. Suppose that G is a π-separable group and let N be a
central π ′-subgroup of G. Let B be a π-block of G. If λ ∈ IrrN, then
B ∩ IrrG λ is an N-π-block of G.
Proof. First, we prove that B ∩ IrrG λ 	= . To prove this, we
argue by induction on G. We know that there exists θ ∈ IrrOπG such
that B ⊆ IrrG  θ by [9, Theorem (2.10)]. Let T be the stabilizer of θ
in G. Since N is a central π ′-subgroup of G we have N ⊆ T . Suppose
that T < G. Now, by [9, Theorem (2.10)], we know that there exists b a
π-block of T such that bG = ψG ψ ∈ b = B. By induction, it follows
that b ∩ IrrT λ 	= . This case follows by the Clifford correspondence.
Now assume that θ is G-invariant. By [9, Theorem (2.8)], we have that
B = IrrG  θ. Then B ∩ IrrG λ = IrrG  θ× λ 	= , as desired.
Suppose that χψ ∈ B ∩ IrrG λ. We want to prove that χ and ψ are
N-π-connected. Let K be a Hall π-subgroup of G. Since χ and ψ ∈ B, we
have that there exists ξi ∈ B for i ∈ 1     s such that
χ = ξ0 ↔π ξ1 ↔π ξ2 ↔π · · · ↔π ξs ↔π ψ = ξs+1
Hence, there are Fong characters in G αi ∈ IrrK for i ∈ 1     s such
that ξi and ξi+1 are irreducible constituents of α
G
i for 0 ≤ i ≤ s. Thus,
αGi  αGi+1 	= 0 where 0 ≤ i ≤ s − 1
Now, by Lemma (3.2) we have that
αi × λG αi+1 × λG = αi × λGK×N αi+1 × λ
= 1N α
G
i K × λ αi+1 × λ =
1
N α
G
i K αi+1 =
1
N α
G
i  α
G
i+1 	= 0
for 0 ≤ i ≤ s − 1. We conclude that there exist common irreducible con-
stituents µi ∈ IrrG of αi × λG and of αi+1 × λG for 0 ≤ i ≤ s − 1.
Since χ = ξ0 lies over α0 and over λ, then χ lies over α0 × λ. Thus χ
is an irreducible constituent of α0 × λG. Similarly, we have that ψ is an
irreducible constituent of αs × λG. Hence, it follows that
χµ0 µ1     µs−1 ψ
is a chain of N-π-linked irreducible characters (by Theorem (3.3)). There-
fore IrrG λ ∩ B is contained in some N-π-block B0.
Now, by Theorem (4.3) we have that B0 ⊆ B. By Lemma (4.1) it follows
that B0 ⊆ IrrG λ. Thus,
B0 ⊆ IrrG λ ∩ B ⊆ B0
and the proof of the theorem follows.
356 luc´ıa sanus
Theorem (4.4) is false if N is noncentral. It sufﬁces to consider G =
SL2 3 and N the quaternion group of order 8.
(4.5) Corollary. Suppose that N is a central subgroup of a π-separable
group G. Let θ ∈ IrrOπG be G-invariant and let λ ∈ IrrNπ ′ . Then
IrrG  θ× λ
is an N-π-block.
Proof. By [9, Theorem (2.8)], we know that IrrG  θ is a π-block. By
Theorem (4.4), we have that
IrrG  θ ∩ IrrG λ = IrrG  θ× λ
is an Nπ ′ -π-block. Now, since PG NK = PG Nπ ′K, where K is a
Hall π-subgroup of G, it follows that IrrG  θ × λ is an N-π-block,
as desired.
We need another result on character triples.
(4.6) Lemma. Suppose that G is a π-separable group. Let GNµ and
G∗N∗ µ∗ be isomorphic character triples. If B ⊆ IrrG µ is an N-π-
block of G, then B∗ ⊆ IrrG∗ µ∗ is an N∗-π-block of G∗.
Proof. By Lemma (4.1), we know that IrrG µ and IrrG∗ µ∗ are
the union of N-π-blocks and N∗-π-blocks, respectively. It sufﬁces to show
that two characters χψ ∈ IrrG µ are N-π-linked if and only if χ∗ and
ψ∗ are N∗-π-linked. Let K be a Hall π-subgroup of G. Then NK/N∗ =
NK∗/N∗ is a Hall π-subgroup of G∗/N∗. By Lemma (3.4), we know
PG NKµ∗ = PG∗  NK∗ µ∗. We have that χψ ∈ IrrG µ are
N-π-linked if and only if there exists η ∈ PG NK such that
χη 	= 0 	= ψη
Since χψ ∈ IrrG µ, we see that η ∈ PG NKµ by Theorem (2.4).
By properties of the character triples isomorphism we know that χη 	=
0 	= ψη if and only if
χ∗ η∗ 	= 0 	= ψ∗ η∗
Since η∗ ∈ PG∗  NK∗ µ∗ by Lemma (3.4) and NK∗/N∗ is a Hall
π-subgroup of G∗/N∗, we have that χ∗ η∗ 	= 0 	= ψ∗ η∗ if and only if
χ∗ ψ∗ are N∗-π-linked, as desired.
Note that if N is a central subgroup of a group G, then
OπG/N = OπGN/N = OπG ×Nπ ′ /N
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(4.7) Lemma. Suppose that N is a normal subgroup of G such that
G/N is π-separable and let L/N = OπG/N. Suppose that µ ∈ IrrN is
G-invariant and let θ ∈ IrrL µ be G-invariant. Then IrrG  θ is an
N-π-block.
Proof. We know that GNµ is a character triple. By [2, Theorem
(11.28)] there exists an isomorphic character triple G∗N∗ µ∗ where N∗
is a central subgroup of G∗ (note that G∗ is π-separable.) Let N∗π ′ be
the Hall π ′-subgroup of N∗. Since ∗ is an isomorphism of G/N in G∗/N∗,
we have that
L∗/N∗ = L/N∗ = OπG/N∗
= OπG∗/N∗ = OπG∗N∗/N∗ = OπG∗ × N∗π ′ /N∗
Thus, L∗ = OπG∗ × N∗π ′ . Since θ ∈ IrrL µ is G-invariant, it fol-
lows that θ∗ ∈ IrrL∗ µ∗ is G∗-invariant. Hence, let ν∗ ∈ IrrN∗π ′  be
such that µ∗N∗π′ = ν∗ and let δ∗ ∈ IrrOπG∗ such that θ∗ = δ∗ × ν∗.
Note that δ∗ is G∗-invariant. By Corollary (4.5), we know that IrrG∗  θ∗
is an N∗-π-block. Now, we claim that IrrG  θ∗ = IrrG∗  θ∗. Let χ ∈
IrrG  θ ⊆ IrrG µ; then χ∗ ∈ IrrG∗ µ∗. On the other side
χ∗L∗ θ∗ = χL∗ θ∗ = χL θ 	= 0
Then, χ∗ ∈ IrrG∗  θ∗, as claimed. By Lemma (4.6), it follows that
IrrG  θ is an N-π block.
Finally, we are ready to prove Theorem C of the Introduction.
(4.8) Theorem. Suppose that N is a normal subgroup of G such that
G/N is π-separable. Let L/N = OπG/N. If θ ∈ IrrL is G-invariant,
then IrrG  θ is an N-π-block.
Proof. Suppose that α ∈ IrrN is an irreducible constituent of θN . Let
T = IGα be the stabilizer of α in G. Since each G-conjugate αg of α is a
constituent of θN , by Clifford’s theorem we have that αg is L-conjugate to
α. It follows that G = LT .
We claim that L∩ T/N = OπT/N. Write X/N = OπT/N ⊇ L∩ T/N .
Since X  T , it follows that XL  G. Thus, XL/N is a π-normal subgroup
of G/N . Hence, XL = L and X = L ∩ T , as claimed.
Let / ∈ IrrL ∩ T α be the Clifford correspondent of θ. Since θ is G-
invariant, by uniqueness of the Clifford correspondence, it follows that / is
T -invariant.
Now, by Lemma (4.7) we know that IrrT  / is an N-π-block of T . By
Lemma (4.1) we also know that IrrT  / ∈ BlN-πT α. By Theorem (4.2),
it follows that IrrT  /G is an N-π-block of G.
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To complete the proof of the theorem, it sufﬁces to show that
IrrT  /G = IrrG  θ. If χ ∈ IrrG  θ ⊆ IrrG  / ⊆ IrrG α, then
there exists δ ∈ IrrT α such that χ = δG. By the Clifford correspon-
dence we know that χT = δ+ 0, where 0 ∈ CharT  such that none of its
irreducible constituents lies over α. Hence, none of the irreducible con-
stituents of 0 lie over /. However, / is an irreducible constituent of χX
and then δ ∈ IrrT  /. Now, let ψ ∈ IrrT  /, and we want to see that
ψG ∈ IrrG  θ. We know that ψGL = ψXL = u/L = uθ for some
integer u. Hence, IrrT  /G = IrrG  θ and the proof of the theorem is
complete.
5. PROOF OF THEOREM D
To prove Theorem D, we will need the following result.
(5.1) Theorem. Let G be a π-separable group and let H be a Hall π-
subgroup of G. Suppose that α ∈ IrrH is quasiprimitive. Then α is a Fong
character in G.
Proof. It follows by [1, Corollary (6.1)].
Now we give an application of our results on good bases. Notice that from
our deﬁnition of good bases it is easy to check that PG H = αG α ∈
IrrH and αG is not of the form νG + µG for ν µ ∈ CharH.
Next is Theorem D of the Introduction.
(5.2) Theorem. Suppose that N is a normal subgroup of G such that
G/N is π-separable. Let H/N be a Hall π-subgroup of G/N . If α ∈ IrrH
is quasiprimitive, then αG ∈ PG H.
Proof. We argue by induction on G. Let θ ∈ IrrN be the unique
irreducible constituent of αN . Let T = IGθ be the stabilizer of θ in G.
Note that H ⊆ T and θ is H-good.
Suppose that T < G. By induction, we have that αT ∈ PT H ∩
cfT  θ = PT Hθ by Theorem (2.4). It follows that αG ∈ PG Hθ
by [7, Lemma (2.10)], as desired.
Therefore we may assume that θ is G-invariant. We have that GN θ
is a character triple. By [2, Theorem (11.28)], there exists a G∗N∗ θ∗
isomorphic character triple such that N∗ ⊆ ZG∗. We want to show that α∗
is a quasiprimitive character of H∗. LetM∗  H∗. If N∗ ⊆M∗ it follows that
α∗M∗ = αM∗ = aµ∗ = aµ∗. But N∗ is not necessarily contained in M∗.
We consider N∗M∗  H∗; by the previous case we know that α∗N∗M∗ = eν∗
for some ν∗ ∈ IrrN∗M∗. Now, since N∗ is a central subgroup of G∗,
we have that ν∗M∗ = ξ∗ ∈ IrrM∗. Thus αM∗ = e ξ∗ and we deduce that
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α∗ is quasiprimitive. Since PG Hθ∗ = PG∗ H∗ θ∗ by Lemma (3.4),
we have that if α∗G∗ = αG∗ ∈ PG∗ H∗ θ∗, then αG ∈ PG Hθ.
Therefore, we may assume that N is a central subgroup of G (and hence
that G is π-separable).
We can write H = NK = Nπ ′K = Nπ ′ ×K where K is a Hall π-subgroup
of G, Nπ ′ is the Hall π ′-subgroup of N , and θNπ′ = θπ ′ . Write α = θπ ′ × δ
with δ ∈ IrrK. Since α is quasiprimitive it follows that δ is quasiprim-
itive. Now, by Theorem (5.1) we know that δ is a Fong character in G.
Hence it follows that αG = θπ ′ × δG ∈ PG NK by Theorem (3.3),
as desired.
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